We study the waves and wave-making forces acting on ships travelling on currents which vary as a function of depth. Our concern is realism; we consider a real current profile from the Columbia River, and model ships with dimensions and Froude numbers typical of three classes of vessels operating in these waters. To this end we employ the most general theory of waves from free-surface sources on shear current to date, which we derive and present here. Expressions are derived for ship waves which satisfy an arbitrary dispersion relation and are generated by a wave source acting on the free surface, with the source's shape and time-dependence is also being arbitrary. Practical calculation procedures for numerically calculating dispersion on a shear current which may vary arbitrarily with depth both in direction and magnitude, are indicated.
Introduction
Typically, more than 30% of the fuel consumption of ocean-going ships is from making waves [1] . A resistance is felt due to the work done by the ship on the surrounding water, which propagates away in the form of wave energy. While going back over a century [2, 3, 4, 5, 6, 7, 8] , wave resistance on ships has also been the focus of recent investigations [9] .
Two of us recently showed that the wave resistance acting on a ship in steady motion can be significantly altered by the presence of a shear current beneath the water surface [10] . In conditions with no shear, wave resistance typically becomes important for Froude numbers around 0.3 and peaks in the vicinity of 0.5 before decreasing again as the wake becomes dominated by diverging waves. When a sub-surface shear current is present, however, both the Froude number at which wave resistance sets in, and the value at which it peaks, are in general changed, with opposite effects whether the ship travels along, against, or across the current [10] . Moreover, subsurface shear causes the angle made by the ship waves to differ from Lord Kelvin's classic 19.47 • , being smaller for shear-assisted and larger for shear-inhibited motion, and asymmetric around the line of motion when the angle with the current is oblique [11] . In the latter case momentum is imparted to the water at different rates to starboard and port, and the corresponding wave radiation force experienced by the ship obtains a lateral component in addition to the conventional sternward wave resistance [10] . No corresponding phenomenon exists in rectilinear motion if the current has depth-uniform velocity profile.
Our concern in this paper is to introduce realism, compared to previous studies which have considered idealised models. We study how the shear of a real, measured current may affect the wave radiation forces on actual ships. We use an example shear profile measured in the Columbia River delta. These waters are crossed by thousands of ships each year, and we study model ships with dimensions and velocities typical of different vessel types operating there. This includes not only the forces acting during steady motion, but also transient forces from manoeuvring motions. To this end, the most general theory of linear ship waves (or waves from free-surface sources more generally) to date has been developed, and is presented here, allowing a shear current to vary arbitrarily with respect to depth both in direction and magnitude, as long as it may be considered uniform in horizontal directions.
We demonstrate in Section 3 how a real shear current can have a very significant effect on the wave-making forces acting on real ships. At typical Froude numbers we find for smaller boats (tugboats, fishing boats) that the wave resistance can differ by a factor 3 or more between upstream and downstream motion at the same velocity relative to the free surface. The lateral radiation force acting when travelling across the shear is also very significant; it is typically around 20% of the sternward resistance force in steady motion, but can momentarily reach more than 50% of the wave resistance during maneouvring. These are by no means small effects, and will affect the seakeeping and the optimal choice of velocity and route of travel, and perhaps also cause safety issues for ships manoeuvring in proximity of each other. This paper contains two major sections, one theoretical, one of an applied nature. The reader primarily interested in what the practical effect of shear in real-life situations might be, may wish to refer directly to the numerical results in Section 3 bearing in mind the system definitions in Section 1.2. The theoretical foundations and framework is laid out in Section 2; it has been presented, as far as we have been able to, so as to be useful to readers who wish to employ the formalism for their own purposes.
Studies of transient wave resistance go back a long time. Whenever a ship undergoes changes in velocity during acceleration or manoeuvring, transient waves are emitted, and the wave radiation force correspondingly will be time dependent for the duration during which the created transient ring-wave remains in the immediate vicinity of the ship. A century ago, Havelock studied the wave resistance in 2 dimensions due to a suddenly appearing ship, modelled as a distribution of additional pressure at the water's surface, suppressing the free surface approximately as would a ship [12] . The resistance force was found to increase from zero to a peak value before relaxing in an oscillatory manner to its static value. The speed of relaxation was found to depend closely on the aspect ratio of the disturbance, since the bow and stern waves from a more slender ship tend to cancel, causing a quicker relaxation to steady conditions and a more stable steady wave resistance. On the other hand a circular "ship" with little such interference, experienced a very slow relaxation rate. A study of the resistance felt by a submerged cylinder starting suddenly from rest revealed similar results [13] . Studies of ships in various kinds of acceleration is a related classical problem [14, 15] .
Approaching the problem of waves in three-dimensional systems in the presence of sheared flows, standard methods to calculate waves and motions of floating bodies must be immediately discarded, based as they are on potential theory. No satisfactory theory of creating bodies from submerged sources and sinks exist even in the simplest shear currents exists, not to mention advanced panel methods [16] . A feasible approach for our purposes is however to create a "ship-shaped footprint" in the free surface by introducing an external surface pressure. The approach goes back over a century [17] and has recently been employed in wave resistance studies [9] . Such a model, only affects the dynamic boundary condition, not the equations of motion, thus does not in principle pose any restrictions on the flow vorticity.
Outline
The investigated system is presented in Section 1.2 along with the basic formalism. Section 2 then goes on to develop the general theory of waves from moving, timedependent surface disturbances upon a horizontal background current which may vary arbitrarily with depth, both in direction and magnitude. In particular, a suitable formalism for working with a general (not explicitly known) dispersion relation is derived in Section 2.1, and applied to the general problem in Section 2.2. In Section 2.3 practical considerations are presented concerning numerical evaluation of the dispersion relation for arbitrary velocity profiles, and the formalism for calculating wave resistance and lateral radiation force is derived and discussed in Section 2.4.
Section 3 is of a more applied nature and presents numerical results for particular situations. A measured velocity profile from the Columbia River estuary is used, and pressure distributions modelling ships of realistic dimensions are employed in order to provide reasonably realistic estimates of the effect of shear in these waters while retaining some generality. For comparison, and to illustrate the effect of shear without the large number of lengthscales and parameters, corresponding results for the simple case of a linearly depth-dependent current are given in Section 3.1 before conclusions are drawn. Some further details on derivation and numerical procedures are found in appendices.
System definition
In this section the system under scrutiny is defined, along with general formalism used in the paper. The system is a generalisation of that considered in Ref. [18] .
We consider infinitesimal wave amplitudes described by the surface elevation functionζ(r, t) with horizontal position r = (x, y) = r(cos ϕ, sin ϕ) and time t. The waves are superimposed on a depth-varying background flow U(z). In our general theory in Section 2, U(z) may vary both in magnitude and direction, although our numerical examples in Section 3 will all be unidirectional. We use the Figure 1 : Schematic sketch of the system: a ship travelling with arbitrary, time-dependent velocity atop a shear current of arbitrary depth-dependence. Here a "lab" coordinate system is shown, fixed relative to the sea-bed.
shorthand U(0) = U 0 . A sketch of the system is seen in Fig.1 . We assume incompressible and inviscid flow. The three velocity components and pressure perturbation due to the waves we nameû,v,ŵ, andp, respectively, all functions of r, z and t. Hatted quantities are considered small, and we linearise with respect to these. The flow field is thus [V, P ] = [U(z) +ûe x +ve y +ŵe z , −ρgz +p], with V and P the total velocity and pressure fields, respectively, g the gravitational acceleration, and ρ the density of the water. The flow obeys the Euler equation
We neglect surface tension. The physical quantities are defined in Fourier space of the horizontal plane as
so that k = (k x , k y ) = (k cos θ, k sin θ) is the wave vector (It is understood thatζ and ζ do not depend on z). The water depth h is constant, and may be allowed to tend to ∞.
In the system sketched in Fig. 1 no less than three different reference frames are natural, depending on the question under consideration. Fig. 1 shows the "lab" reference frame, i.e., as seen by an observer on shore. A second frame of reference which we use in Section 2.2 is that which is fixed on the moving model ship. Finally, in section 3 we will sometimes work in the frame of reference in which the water surface is at rest.
For this reason the oft used terms 'upstream' and 'downstream' are ambiguous as denotations of directions of motion. We will instead use the terms 'shear-assisted' and 'shear-inhibited' to describe directions of ship motion or wave motion relative to the sub-surface current. The motion is assisted by the current if, in a reference system where the water surface is at rest, the sub-surface current has a component along the direction of motion (this corresponds to the ship travelling upstream in the case of e.g. a river). Correspondingly, for shear-inhibited motion the sub-surface current has positive component against the ship's motion, in a system where the free surface is at rest (corresponds to downstream motion on a river). These Definition of angles γ (angle between k and U 0 ), β (angle between U 0 and x axis, and θ (angle between k and x-axis). The reference frame is here at rest with respect to the ship. Note: β = 0 is the maximally shear assisted direction of motion, β = π the maximally shear inhibited.
concepts are visualised in Fig. 2a and b. They are only strictly well defined only for velocity profiles that do not change direction or sign relative to the free surface, yet this is sufficient for our present purposes.
In later sections we shall make use of polar coordinates in the horizontal plane, which we define in figure 2c, for a system in which the ship is at rest. Note that the angle β differs by π from that used in [11, 10] , where a reference system relative to the water surface was used. The angle between k and U 0 is γ. In this section we present a theoretical framework for calculating waves from arbitrary wave sources on the free surface, in flows with arbitrary dispersion relation ω(k), affected by sub-surface currents that may vary both with depth and direction. To our knowledge no theory this general has ever been presented. As a special case the theory provides a procedure for calculation and analysis of ship waves on arbitrary horizontal shear currents.
From the linearised Euler equations and continuity equation in k-space we have the relations (cf. e.g. the procedure of [19] )
where a prime denotes differentiation with respect to z, and the dependence on k of p and w is suppressed here and henceforth.
General form of surface wave dispersion relation
We will now present a general, implicit form of the dispersion relation for waves atop a general depth-dependent shear flow U(z). The relation allows us to derive general expressions for surface waves from an arbitrary freesurface source in Section 2.2. Determining ω(k) for a specific situation is the topic of Section 2.3.
We use the physical values ω ± (k) to express the freesurface elevation for a given k-component as:
where Z ± are unknown coefficients to be determined. Also the other perturbed quantities u, v, w and p will have time dependence ∝ exp(−iω ± t).
If the values of Z ± are known from initial conditions, the full time dependent solution to the free-surface elevation can be found from (4) .
The phase velocities ω + (k)/k and ω − (k)/k correspond to partial waves propagating in directions k and −k, respectively. They satisfy the relation
Hence there is a unique, positive phase velocity ω + (k) in propagation direction k, and the integral over all k effectively accounts for each mode twice. The relation (5) is general and holds for any shear current. We show in Appendix A.1 that the dispersion relation for a plane wave of small amplitude on a depth-dependent flow may be written
where ∆ R is defined for later reference, and
The implicit dispersion relation (6) is extremely useful for analytical purposes. It is not itself closed, since both ω(k) and w(z, t) are unknowns. The two roots of the equation ∆ R = 0 are ω = ω ± (k). It is found e.g. in [20] that the zeros of ∆ R are simple, hence Eq. (6) may be written on the form
Waves from an arbitrary, time-dependent pressure distribution
We wish to find a solution to the surface pattern resulting from a time-dependent externally applied pressure distributionp ext (r, t) ↔ p ext (k, t) at the free surface.
The pressure, when positive, depresses the water surface thus modelling a moving wave source such as a ship. Using an applied surface pressure as wave source rather than e.g. potential theory with submerged sources such as are often used in the theory of ship motions [21] , is advantageous since only the boundary conditions are directly affected. This is necessary in our system, since the flow we consider is inescapably rotational and potential theory is inapplicable. It should be noted that the relation between the shape of the applied pressure and the resulting surface depression is not altogether trivial for a moving source, and has some Froude number dependence. This introduces a certain quantitative uncertainty in the results presented in section 3; this is a question we intend to address in the near future.
By superposition, the response G(k, t) of the system to an arbitrary time-dependent pressure distribution can be expressed as a time-integral of pressure pulses emitted at all previous times,
H(k, t − t 0 ) is the system's response to an impulsive pressure rate p I (t) = Iδ(t) which imparts a finite impulse to the free surface during an infinitesimally short time. I equals unity in units of pressure. G and H physically may represent any of the perturbation quantities u, v, w, p or ζ.
Mathematically H plays the role of a Green's function. We now proceed to finding the response of the free surface to a pressure impulse. In Eq. (9) we let G → ζ, and the correspondng response function we call H ζ (k, t). The full time evolution ζ(k, t) for t > 0 is then calculated from (9) as
with H ζ derived in the following, given in (17) . The prescribed impulsive pressure enters the equation system via the dynamic free surface boundary condition, which can be written
with w, w evaluated at z = 0. Here U 0 is surface velocity, and a prime denotes differentiation with respect to z. Integration over an infinitesimal time interval t = 0 − to 0 + yields the following relations for w(z, t) and ζ(t),
using the assumptions that the system is completely at rest for t < 0 and that all physical quantities have finite values at t > 0, at t = 0 + in particular. We suppress the dependence of w and ω on k in this subsection. When a current of arbitrary depth-variation is present, the primary challenge is that analytical expressions for ω ± (k) and w(z, t) cannot be found. We show in Appendix A.1 the relations
where ω can be either of the roots of ∆ R = 0, i.e. ω + or ω − , and the intrinsic frequency isω = ω −k·U 0 . Eq. (14c) defines the quantity F (k) for later reference. We note that F (k) can be written in several different forms,
Which form of F (k) is most convenient is different in different cases. The final form (15d) has the advantage that only the value of ω(k) is required when U(z) is known. From (4), (13) and (14) then follows
Solving for Z ± and inserting into (4) yields the surface elevation H ζ from an impulsive pressure pulse as
where the "divergence frequency" is, using (5), (18) so that ω div /k is the phase speed with which oppositely propagating waves move apart.
Suddenly appearing ship
As a step towards modelling a ship during manoeuvring or acceleration in a simple manner, we consider the special case where p ext is constant for t > 0 and zero at t < 0, i.e., a "ship" that is launched at t = 0 already having its final velocity and continuing in steady motion thereafter. This is the system considered long ago by Havelock [12] . It is an artificial situation, but one which can be used as a building block to model more realistic situations. Turning the arrow of time yields instead a suddenly disappearing ship, and adding at the same instance the appearence of the same ship but with a slightly different velocity, say, is a simple model of a rapidly turning and/or accelerating ship. In numerical examples we will consider the more realistic case of a suddenly starting ship.
We use a reference frame following the ship, so that the motion of the ship relative to the water surface is contained in the surface current velocity U 0 as measured in this system. The time integral in (10) can be solved explicitly, and ζ splits naturally into a steady and a transient contribution
Subscripts s and t denote stationary and transient, respectively. Upon splitting into ζ s and ζ t it was necessary to employ a radiation condition by adding a small imaginary part −i to wave frequencies, whereby ω ± → ω ± − i (see, e.g., [10] ) assuring that waves can only be radiated away from the source. Mathematically this moves the poles to complex values of k, rendering the integrals definite. Physically, it introduces an arrow of time by implying the timeindependentζ s was "switched on" some time in the far past, and consequently likewise the transient contribution which exactly cancels the steady one for t < 0. Given a value for ω ± (k) (using any of various approximation schemes described below), equation (10) now producesζ(r, t) at all times; the Fourier transform is taken as in equation (2), for example using a fast Fourier transform (FFT) algorithm.
Stationary ship waves
The simplest case is the classical situation of a ship which has been travelling at constant velocity for a long time. The wave pattern in this case is readily obtained from (10) when taking the limit t → ∞, which yieldŝ
Using ∆ R on the form (8) is instructive. Transient waves described by (19c) vanish at large times t → ∞, as will be further discussed in §2.2.3. Eq. (20) is exactly the expression for ship waves from a ship moving with velocity −U 0 relative to the water surface, as derived in [10] (note that angle β differs by π from that of [10, 11] ), generalised to the case of general dispersion. We consider now the model of a ship which starts suddenly from rest. Formally this situation is created from the "suddenly appearing ship" model in Section 2.2.1 by superposing the ring wave from a ship at rest suddenly disappearing at t = 0, and reappearing in the same instance with velocity U 0 relative to the water surface.
Suddenly starting ship: wave patterns and asymptotics
As a simple model "ship" we use an elliptical superGaussian pressure distribution with length L and beam (width) b of the form
where
expressed along the major and minor axes of the ellipse in a reference system (e.g. relative to the water surface) where the ship's position may be time-dependent. In a reference system fixed on the ship, x 0 = y 0 = 0 and
The super-Gaussian is a fairly realistic model of the submerged part of a hull shape, while avoiding having to specialise to a particular type of hull. Model "ship" pressure distributions for some aspect ratios are shown in Fig. 3 .
When first set in motion, the ship creates an initial ring wave which propagates away. After some time the transient ring wave, ζ t , has disappeared from sight and only a stationary ship wave pattern behind the travelling ship, ζ s , remains. This is clear from Fig. 4 , where the wave patterns are shown for increasing times after appearence, for different directions of motion atop a linear shear profile in deep water.
For large times the transient surface waveζ t at some point far from the origin will vanish as t −1/2 . This can be shown rigorously with path integral methods and the stationary phase approximation, but is also physically clear from noting that the full transient wave energy will eventually radiate through any vertical, circular control surface of radius R, and wave energy must thus fall off as R r (r)
for a ring wave of radius ∼ R r . Since wave energy of each Fourier mode moves outward in the far-field at a constant, k-dependent group velocity, R r ∼ c g t, and since wave energy is ∝ζ 2 , the time dependenceζ t ∼ t −1/2 follows for large t.
Practical calculation techniques for arbitrary velocity
profiles To calculate the free-surface elevation (10) one needs to find the roots ω ± (k) of (6), which is itself not closed since both ω and w(z) are unknowns. Analytical results are in general not available, except for the simplest current varying linearly with depth. There are several numerical or semi-analytical techniques that allow calculation of ω ± (k) for an arbitrary U(z) which we briefly review in this section.
Simplest case: linear profile
Consider first the simplest case of a linearly depthdependent current. This is the only known case where an explicit, analytical dispersion relation is available for all k. This idealised case is therefore instructive for analysis since analytical results can be derived.
To calculate ship waves during steady motion, say, one might work in a frame of reference where the model ship is at rest, and the ship's velocity relative to the water surface is −U 0 where Fig. 2c ). The current is unidirectional, i.e., U(z) = U 0 + Sze x . (This corresponds a ship moving in direction β + π relative to the water surface. ) We define [11] Fr s = |U 0 |S g .
For the linear shear profile one obtains [25, 26] 
hence ω + ω − = −ω 2 2 , and
Since I g = 0 when U (z) = 0, (15b) simply gives F (k) = tanh kh. Determining F and ω ± is sufficient for calculating all cases considered above, the most general case being (10) with (17) . 
The piecewise-linear approximation
A useful numerical scheme to this end is the piecewiselinear approximation (PLA), which was analysed in Refs. [20, 22] , and which we will use herein to obtain numerical results. As described herein the PLA is restricted to unidirectional U(z); extension to shear currents changing direction is relatively straightforward. Alternative approximations to the dispersion relation are thereafter briefly discussed in section 2.3.3.
The piecewise-linear approximation (PLA), sometimes called the N −layer model, utilises the fact that explicit solutions are available when the velocity profile is linear as discussed above. A smooth velocity profile u(z) is approximated by a series of linear segments inside N artificial layers, allowing the solution to the vertical velocity to be expressed explicitly within each layer and matched at the artificial layer boundaries. We provide further details in Appendix A.2. Following the derivation process in [20] , within the top layer the vertical velocity satisfies
in which h 1 is the thickness of the top layer and A 1 and B 1 are coefficients depending on k and t, which are determined by the matching conditions at the N − 1 layer interfaces and from free-surface and bottom boundary conditions. Inserting (26) into the first form of F (k) in (15a) yields
evaluated at t = 0. The next essential step is to obtain solutions for ω ± , exact or approximate, and to determine A 1 and B 1 via the PLA procedure [20] . The PLA is particularly suitable for problems which are solved in the Fourier plane since it provides a rapid and accurate solution to the dispersion relation ω(k) equally well for all wavelengths, converging to the exact value as N increases [20, 22] . For our numerical demonstrations we find that 4-5 layers are typically enough at the 1% accuracy level.
Alternative approximations to the dispersion relation
where h is the total depth of the flow and ω 0 = √ gk tanh kh (note that this 3D generalization of the Kirby & Chen expression also allows the direction of U to vary with z). The approximate value for ω + (k) is inserted into equations (10) via (15d).
We recently made progress on the question of analytical approximations to dispersion relations, deriving error estimates for (28) and also presenting a more robust alternative to (28) in Ref. [24] . Two of us (YL & SÅE) have also developed and implemented another numerical method, a simple and promising alternative to the PLA based on direct integration of (3a) and (6) (manuscript in preparation).
Transient wave resistance and radiation force
A travelling ship imparts momentum to the water around it to create waves, giving rise to a wave radiation force acting on the ship in the opposite direction. In the absence of shear the wave radiation force always points sternwards for ships in rectilinear motion, and is called wave resistance, or wave-making resistance. Wave resistance typically accounts for more than 30% of the energy consumption of ocean going vessels [1] .
We work in a reference frame where the ship is at rest, and the water surface moves at velocity U 0 as shown in Fig. 2c . Following Havelock [12] the wave radiation force created by a travelling pressure distribution is the force exerted by the external pressurep ext (r, t) acting on vertical projections of the moving surfaceζ(r, t). The force along unit vector e f acting on horizontal area d 2 r at r is thus
A ship travelling at an oblique angle with a sub-surface shear current will in general radiate waves asymmetrically around its line of motion, and the radiation force will consequently have both a sternward and a lateral component. The two components are derived with the methods laid out in [10] , to yield
where an asterisk denotes the complex conjugate and and ⊥ denote sternward resistance and lateral radiation force towards starboard (towards the right), respectively. The transient radiation forces may thus be evaluated by inserting ζ t (r, t) from (19c) into (30), giving
Expressing radiation forces on the form (31a) is useful for analytical purposes. For numerical purposes we use (30) more directly using a fast Fourier transform (FFT) method. The static part of the wave resistance is obtained by inserting ζ s into (30). We refer to [10] for further details on the evaluation of the static part of the wave resistance. 
Wave resistance oscillations
The transient behaviour of the wave resistance after the ship is set in motion, is to oscillate around its ultimate static value, at a frequency which varies greatly with direction or motion as well as shear strength. We will now explain what decides the oscillation frequency.
The integral (31b) is given solely by the contribution from the poles (infinitesimally close to) where ω ± (k) are zero. Since ω + (k) and ω − (k) are related through relation (5), and we are free to replace k ↔ −k under the integral sign, considering the zeros of the positive frequency ω + (k) is sufficient. Taking the k integral first as written out in (31a), the pole picks out a value k 0 (γ) so that
Thus the particular frequency is picked out which satisfies the dispersion relation, which is to say that only waves which are able to propagate towards infinity along direction γ may contribute to the wave resistance. When t grows large (while keeping r constant), the exponential factor exp[−iω + (k 0 (γ), γ)t] in the integrand of (31b), and is therefore dominated by the contribution from the value of γ where the phase is stationary, that is, the value of γ where
Some time after t = 0, the transient contribution to the wave resistance will therefore oscillate in time with the frequency of a stationary point, a maximum or minimum of ω + (k 0 (γ), γ) with respect to γ. Let intrinsic frequencies be denoted with a tilde,
For the case of a linear shear current, we plotω + (k 0 (γ), γ) in units of g/L as a function of γ in Fig. 5 ; L is a characteristic length of the wave disturbance to be specified in particular examples below. We see that in all cases there is a stationary point at γ = −π. In the most shear-assisted direction (β = 0), this frequency is enhanced compared to no shear, giving a faster oscillation of the wave resistance, whereas the opposite is the case in the maximally shear inhibited direction (β = π), where the oscillation can become very slow. For shear-assisted motion there are also two other stationary phase points at angles either side of γ = π, as is evident in Fig. 5 . Notably, the presence of shear which inhibits motion can dramatically decrease the oscillation frequency compared to still water, even at moderate shear.
Numerical results
In this section we present numerical calculations of transient wave resistance on different model ships. While retaining generality by not specialising to particular real hull shapes, we have emphasised realism: a reasonably realistic model is used for the shape of the ship hull, and calculations are performed for a real velocity profile measured in the Columbia River estuary, where there is high traffic of 6 , but for the transient lateral wave radiation force R ⊥ , for motion normal to a the shear current in a reference frame following the water surface; β = π/2 (see Fig. 1 ). The scaling of the ordinate is arbitrary (see Fig. 6 ).
vessels of many types. Parameters for vessel length and beam are taken from real ships known to travel in these waters.
The choice of the Columbia River delta for our data is primarily due to the excellent shear profile data available [27] , although the location is also particularly apt for studies of ship wave effects. Thousands of ships ranging from carrier ships of more than 1000 ft to small boats, are piloted up and down the Columbia river each year, in waters which are considered particularly trecherous, sometimes referred to as the Graveyard of the Pacific.
Following [10, 9] we plot wave resistance relative to the constant
Linear velocity profile
In order to better highlight the underlying physics of the effect of shear on wave resistance, we begin by considering the simplest shear flow, which varies linearly as a function of depth, U (z) = U 0 + Sz. Realistic shear profiles are considered in Section 3.2.
Suddenly starting ship
For the simplest, linearly varying velocity profile considered in section 2.3.1 we calculate the transient wave resistance for a ship modelled as in equation (21), whose velocity goes suddenly from zero to a constant value V . While idealised, this models a starting ship without the need for further parameterisation of the acceleration phase. An example of what the transient wave resistance looks like is shown in figure 6 . The model ship is elliptical with aspect ratio 6 and length L = 1 (arbitrary units since the problem is intrinsically scale-free), and calculation is performed for Fr = 0.3 and shear strengths varying from Fr s = 0 to 0.8.
The oscillation frequencies of the transient wave resistance are found to agree well with the stationary phase values of ω + (k + (γ), γ) in figure 5 as expected.
The transient wave resistance is seen to go through a sharp peak shortly after the ship is set in motion, and then relax in an underdamped manner towards its steadymotion value. For shear-assisted motion (β = 0), the initial peak can be much higher than its static value, whereas this effect is weaker in the case without shear (Fr s = 0) and for shear-inhibited ship motion. Letting the shear vary from strongly inhibiting (high Fr s , β = π) via no shear to fairly strongly assisting, we see that the transient oscillations increase both in amplitude and frequency, whereas the static wave resistance decreases. An interesting observation is that for very strongly motion-assisting current (Fr s = 0.8 in this case), the total wave resistance can actually be negative during some time intervals, since oscillation amplitudes are large and the static wave resistance correspondingly small.
Both the difference in oscillation frequency and the magnitude of the steady motion wave resistance can be understood by considering the relative values of phase velocity and group velocity in different directions of wave propagation. A detailed discussion of this may be found in Ref. [26] . For a linear shear current, where the dispersion relation (24) is known analytically, one finds that in a reference frame following the free surface, the group velocity is quite similar in all directions of motion, whereas phase velocity can differ greatly. In shear-inhibited directions dispersion is weakened and an emitted wave group will retain its initial shape and width to a greater extent than in quiescent water. The opposite is the case for shearassisted wave propagation; here the phase velocity can far exceed the group velocity, so wave groups quickly spread and have a rapidly changing, volatile appearence.
When the ship suddenly starts, an initial ring wave is emitted, as seen in Fig. 4 . Wave resistance will continue to oscillate for as long as this ring wave remains in the ship's near-zone. The fact that group velocity is fairly isotropic means that it takes approximately the same time for the ring wave to disappear from sight, matching the observation that the oscillations in Fig. 6 die off at a similar rate in all cases. The frequency of oscillation, however, depends on the phase speed of the transient waves within the ring wave group, and the higher phase velocity for shear-assisted propagation means faster oscillations, as also observed in Fig. 6 , and explained in connection with Fig. 5 .
Finally, we found in Ref. [10] that the effect on shear on wave resistance is, in a rough sense, to effectively change the Froude number to a value based on the ship velocity relative to some depth-average current speed rather than its surface value. The Froude number is effectively lowered in shear-assisted motion, and increased in shear-inhibited motion. A detailed discussion is found in section 3.2.1 where we compare a real velocity profile to a linear approximation in this respect. Since the general trend is that wave resistance increases with increasing Fr for Fr ∼ 0.3, this explains why the resistance in steady motion is typically decreased for shear-assisted motion and increased for shear-inhibited motion. However, this does not always hold true, due to interference effects between waves from (21) with dimensions as given in Table 1 . The wave resistance in quiescent waters is shown for comparison. Inset to (a): measured Columbia River velocity profile U RISE (z) [27] approximated with a 6th order polynomial, in a reference frame moving with the surface current. The legend applies to both a) and b).
bow and stern. We go on to calculate the transient lateral radiation force for the same ship, shown in Fig. 7 . The Froude numbers 0.25 and 0.3 are chosen as realistic examples. The ship motion is now across the shear current, β = π/2 as defined in figure 1 . For an aspect ratio of 6 the lateral force is roughly half the magnitude of the sternward force. We find the relative magnitude of lateral to sternward force to vary strongly with Froude number and aspect ratio, as indicated for the former case by the large effect of lowering Fr from 0.30 to 0.25.
General, realistic velocity profiles
We now compute the transient wave resistance using a real, measured velocity profile. The shear current is that measured by the RISE project, a tidal current in the mouth of the Columbia River [27] 1 . Buoyant fresh water from the river creates a strong surface jet as it enters 1 Since measurements begin at 2m depth, we presume this point to be at the surface, thus offsetting all data by 2m. This should be the salt water of the Pacific Ocean. We approximate the measured data with a 6th order polynomial which is then subjected to the piecewise-linear procedure to calculate the dispersion relation numerically, as described in section 2 and detailed in Appendix A.2. The current profile U RISE (z) in a reference frame where the surface current is zero is shown in the inset of figure 8a. We model various ships using Eq. (21) with dimensions L (length) and b (beam) representative of typical vessels traveling at the Columbia River mouth, tabulated in Table 1 .
Suddenly starting ship
Results for transient sternward wave resistance for a ship starting suddenly in maximally shear-assisted and shearinhibited directions of motion (corresponding to upstream and downstream motion in the Columbia delta, respectively) are shown in figure 8 . Two ships are modelled, a bulk carrier ship, and a smaller vessel typical of a tugboat; Ships 1 and 2 in Table 1 , respectively. The wave resistance in quiescent waters is shown for comparison.
The behaviour of the smaller ship ('Ship 2') is similar to that observed for the simple linear shear current, with a conservative procedure since shear strength increases closer to the surface. wave resistance exhibiting a sharp peak shortly after the ship is set in motion, whereupon it relaxes in an underdamped way to the steady motion value with a frequency which is higher for shear assisted than for shear inhibited motion. Fluctuations are stronger for shear assisted (upstream) motion as was also noted in Fig. 6 , and amount to transient variations in the order of 10% of the static value in this case. The wave resistance of the larger vessel ('Ship 1') approaches an insignificantly small value at large times, attributed to the lower Froude number (0.15) for this modelled vessel.
ID Ship
The most interesting observation made in Fig. 8 might concern the steady motion value of wave resistance. Untypically, wave resistance is increased compared to quiescent waters both for shear-assisted and shear-inhibited ship motion. This appears to run counter to lessons learned from a previous, much simpler and less realistic model study [10] , where shear-assisted motion was always found to decrease wave resistance in this Froude number range. The reason is that our present, more realistic ship model (21) has a sharper bow and stern than the circular "ship" considered in [10] , leading to interference effects between bow and stern waves such as are found for real ships. Indeed these interferences must be taken into account when choosing optimal operational speed in ship design [28] . We plot the Froude number dependence of the steady motion wave resistance for different Fr for the Colubia current profile in Fig. 9a for the tugboat (Ship 2). The plot clearly demonstrates that wave resistance in steady motion depends very strongly on direction and Froude number. Fr = 0.3, the speed of Ship 2 in Fig. 8 , is a special case where shear increases wave resistance in both directions. Increasing the velocity a little to Fr = 0.33, a very different conclusion is reached: here, shear-inhibited wave resistance (ship travelling downstream) is more than a factor 3 greater than in the opposite direction.
Corresponding results for the lateral radiation force for motion across the shear current (β = π/2, measured in a reference frame in which the water surface is at rest) is shown in figure 10 for the three different ships in Table  1 . In order to make the values comparable, we divide the force by the length of the ship. The lateral radiation force shows similar oscillations for short times as the sternward resistance in Fig. 8a , with the exception of the large carrier ship (Ship 1) which displays far stronger transient oscillations initially. Indeed, while the sternward resistance force is likely to be negligible for Ship 1, this needs not be the case for the early transient shortly after start.
In Fig. 10b we show the lateral radiation force relative to the sternward resistance force for cross-current motion, for Ships 2 and 3. The relative strength has very weak oscillations, but a highly conspicuous trait is how the relative strength of the transient force is more than twice as strong just after appearance of the "ship" compared to its asymptotic value, about 50 − 60% percent of the transient sternward force at the time of the initial peak that is present in both force components. Again this indicates that the transient behavior of the lateral force could well have a bearing on seakeeping performance during manoeuvering, when transient waves will be emitted by the ship. We note furthermore that when stationary conditions have been reached, the radiation force is approximately 20% of the sternward component. This is a significant laterally directed force which must be compensated by steering (it is not to be confused, of course, with the lateral drag force which will also be present due to the shear flow between surface level and the ship's draught, a separate question not studied here. With no shear there is neither a net Table 1 , initiating a turn of radius 4L at T = 0, from having traveled in a straight path in the shear-assisted direction (upstream). The path is circular thereafter, as seen in a reference system where the water surface is at rest. The angle the ship has turned is shown above the figure. The situation at 90 • is shown in the inset for illustration. Also shown is the same manoeuvre in quiescent waters (U (z) = 0).
lateral drag nor radiation force when β = π/2.)
The simplicity of working with the linearly dependent velocity profile as a model for a real current makes it tempting in practice to eschew the need to calculate ω(k) for a general shear flow, and instead approximate the real profile by a linear one with a representative constant shear. However, if we were to approximate the Columbia profile by a linear profile with a shear approximately that at the water surface -giving Fr s ∼ 0.4 for our parameters -one could make a very great error in calculating the steady-motion wave resistance. In Fig. 9b we plot the steady-motion wave resistance as a function of Fr using this model. It is clear that while the trend and general behaviour is similar, the rapid variation of R with Fr for 0.2 Fr 0.4 means the error can be several hundred percent. Clearly a better job can be made with a better choice of Fr s , yet choosing a sufficiently good value in practice (if such exists) will require the use of knowledge of the full velocity profile and moreover be specific to each vessel. In our opinion this may not be any simpler nor numerically cheaper than a full calculation such as we have performed, and for which an effective calculation tool is already now developed.
We note, however, the possibility that a two-layer model might be a compromise which is the best of both worlds. In such a model a surface layer is given one constant shear value, and deeper waters another. It is well suited for modelling a surface shear layer due to wind or tides for many practical purposes. Such a model is analytically tractable while containing the key parameter of the vertical extent of the surface shear layer, whose relation to the ship length is a determining parameter. Analysis of such a model in the context studied here is beyond our present scope; the dispersion relation that can be used directly in the formalism of Section 2 may however be found in Ref. [29] .
Turning ship
Analysis of a suddenly moving ship yields insight into transient wave resistance forces due to sudden changes in velocity along a straight course. It is of interest to consider another example of a ship manoeuvre; a turning motion. Figure 11 shows the wave resistance for a ship initially traveling along a straight path upstream in the Columbia River delta (shear-assisted direction), which begins a circular turning manoeuvre of radius 4L at T = 0. The forward velocity Fr = 0.3 remains unchanged through the manoeuvre. We consider as example a typical tugboat operating in these waters, Ship 2 in Table 1 . In order to given an impresson of all different directions of motion, we let the ship do a full 360
• turn; a snapshot at 90
• is shown in the inset. The same ship manoeuvre in quiescent waters is shown for comparison.
All graphs display certain oscillations at different times during the manoeuvre, due to the sudden change in lateral acceleration after T = 0, and later because the ship encounters its own previously emitted waves.
In quiescent water the lateral radiation force fluctuates around a constant value of, in this case, approximately 40R 0 due to the now asymmetric wave field; another way of seeing it is that the turning ship must accelerate water towards the centre of the arc, resulting in an outwardly directed lateral added mass force. The sternward force without shear also fluctuates around a constant as it should. A different behaviour is observed for both force components, however, when the measured Columbia River shear current is present. Both resistance and lateral force vary greatly throughout, both peaking at around twice their quiescent value, and the lateral force at times dropping to zero and even small negative values. For a ship to follow such a path with precision will thus require considerably greater skill than in quiescent water, having to account for the changing lateral and sternward forces. The lateral force can also reach more than 50% of the resistance force for a part of the circle with our parameters, typical of boat traffic in the area, by no means a small force in a manoeuvring context.
Conclusions
We have studied the wave radiation forces, including wave-making resistance, for different model ships in a real, measured current in the Columbia River delta. We calculate transient wave resistance on a "ship" modeled as a traveling pressure distribution in the form of an elliptic super-Gaussian. Choosing values of length/beam typical of smaller vessels (tugboats, fishing boats) we find that wave resistance can vary drastically depending on direction of motion, upstream or downstream, showing a strong dependence on Froude number. For typical Froude numbers -Fr ∼ 0.2 to 0.4 -we find that wave resistance can differ by more than a factor 3 between upstream and downstream motion. Appropriate choice of vessel velocity can thus make a large difference to resistance in strongly sheared waters.
When there is an oblique angle between the ship's line of motion and the shear current, the emitted ship wave pattern will be asymmetric, with more waves propagating to one side than the other. The total wave radiation (or wave-making) force then also has a lateral component. For our example model ships representative of tugboats or fishing boats, the lateral force was found to be approximately 20% of the sternward resistance force for a ship in steady motion.
We also study the transient behaviour of wave radiation forces acting on ships which change their velocity. As a simple example we consider ships that are set suddenly in motion. Both components of the wave radiation force undergo an initial peak as an initial ring wave is created, whereupon they oscillate in an underdamped manner towards their steady-motion values. For motion across the shear current the lateral force is found to have a stronger initial peak, and the lateral force momentarily reaches more than 50% of the value of the sternward force just after motion commences.
The general trend for typical small-ship operational Froude numbers is that compared to quiescent water, wave resistance decreases for upstream (shear-assisted) ship motion, and increases for downstream (shear-inhibited) motion, although interference effects between bow waves and stern waves can alter this for certain Froude numbers.
We also considered a circular manoeuvring motion atop the Columbia River current seen from a reference system following the water surface, for a small ship (tugboat). Unlike on quiescent water were both resistance and lateral force are constant through the motion (modulo small oscillations due to encountering the ship's own waves), these vary greatly through the circular path on the Columbia River mouth. Variations of amplitude of approximately 100% of the quiescent values of the forces are found. For a ship to follow such a path with precision will thus require considerably greater skill. The lateral force can also reach more than 50% of the resistance force for a part of the circle with our parameters, typical of boat traffic in the area.
The second main achievement reported in this manuscript is the development of a theory that allows calculation of waves from a general, time-dependent applied surface pressure acting on the free surface of a horizontally directed shear current which may vary arbitrarily with depth in both direction and magnitude. We present a framework which provides the means to effectively calculate ship waves and wave resistance without undue difficulty. The theory is based on deriving the response of a water surface satisfying an arbitrary dispersion relation, to an impulsive applied pressure. The wave pattern is then calculated as the integral of emitted waves at all previous times. It is necessary to devise a scheme to obtain the dispersion relation numerically; in this paper we used the piecewise-linear approximation [20] , but several other options are available.
where the subscript 0 denotes the values at z = 0.
Inserting the condition (A.4) into (A.3) then yields (6). Moreover, (A.4) and the dispersion relation (6) further give (14) since w =w at t = 0 + .
Appendix A.2. The piecewise linear approximation Following [20] , the fluid is artificially divided into N layers in the vertical direction each with thickness h j and constant vorticity S j as shown in Fig. A.12 . A vertical coordinate z j is defined within each layer where z j = 0 and −h j at the top and bottom layer interfaces respectively. The approximate piecewise linear background velocity profile in each layer is U P L j = U j−1 + S j z j .
A spatially uniform velocity V 0 in the y direction, corresponding to a translation of the frame of reference, can be added when needed, amounting only to the addition of a Doppler shift k y V 0 to the wave frequencies ω(k) as calculated with the PLA.
As presented in more detail in [20] , solutions u j , v j , w j , p j to the linearized Euler equations can now be found within each layer j = 1, 2, ..., N modulo undetermined coefficients, and solutions are matched by requiring continuity of w and p (kinematic and dynamic boundary conditions, respectively) across the artificial layer boundaries, as well as free surface boundary conditions at z = 0 and vanishing w at z = −h (or z → −∞). To wit one obtains (∂ t + ik · U j )(∂ where (A.5a) holds for 1 ≤ j ≤ N , and (A.5d) and (A.5e) hold for 1 ≤ j ≤ N − 1.
In particular, the vertical velocity perturbation and the dynamic pressure distribution are of the following forms, respectively w j = A j (k, t) sinh k(z j + h j ) + B j (k, t) cosh k(z j + h j ), (A.6a)
−kp j /ρ = (∂ t + ik · U j )w j − ik x Sw j . (A.6b)
Inserting (A.6) into (A.5) and eliminating the B coefficients yields set of N + 1 linear equations. The eigenvalues of ω(k) are found from requiring the determinant of the system matrix be zero, the criterion for nontrivial solutions of the homogeneous system to exist. This gives, in general N + 1 eigenvalues, of which two are physical and an appropriate procedure must be employed to choose the correct values, as detailed and discussed in [20] . The procedure moreover automatically provides the coefficients A 1 and B 1 required in Eq. (27) .
